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Summary. A generalization of Hill’s equations predicting
response to selection is developed that accounts for mul-
tiple stage selection in either or both sexes. The method
accounts for the flow of genes for animals selected at later
stages. This allows for the use of genetic gains from later
stages, which explains the reduction in variance due to
previous selection. Genetic gains from different selection
differentials in cach reproductive pathway are incorpo-
rated into the equations. The asymptotic response to a
single cycle of sclection is shown to agree with classical
selection theory.

The method is applied to a dairy progeny testing
scheme representative of an artificial insemination orga-
nization in the USA. Two models were compared: (1) the
first model accounted for two-stage selection of males, the
first stage being based on pedigree information and the
second stage on both pedigree and progeny test informa-
tion; and (2) the second model assumed single-stage male
selection. Selection was based on milk volume, milk fat,
and milk protein yields. The predicted asymptotic rates
for a single cycle of selection were overestimated by 6%
and the cumulative response to continuous selection over
20 years was overestimated by 8% by assuming single-
stage male selection.

Key words: Multistage selection — Response — Overlap-
ping generations — Dairy cattle

Introduction

With discrete generations, selected individuals are mated
at approximately the same time. The generation interval
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is the interval between matings in successive generations,
or when replacements for the next generation are born.
When generations overlap, the replacement of parents by
selected offspring approaches a continuous process. The
generation interval in a population with overlapping gen-
erations can be calculated as the average age of parents
at the birth of their selected offspring. The original formu-
lae for predicting the rates of response to selection in
overlapping generations were obtained by Dickerson and
Hazel (1944) and generalized by Rendel and Robertson
(1950). In addition to identifying the intensities of selec-
tion and changes in genetic variation due to two-stage
selection, Dickerson and Hazel (1944) distinguished be-
tween selection in the male and female populations. The
asymptotic rate of selection in a continuing breeding pro-
gram essentially equals the ratio of the mean selection
intensity of the parents to the mean age of parents when
progeny are born.

A number of authors has computed predictions of
response to selection before the asymptotic rates have
been reached. Searle (1961) examined the improvement in
genetic gain from the use of herd testing and artificial
insemination (AI). Alternative methods were described by
Brascamp (1973), McClintock and Cunningham (1974),
and Hill (1974). The methods are of two kinds. The first,
attributed to McClintock and Cunningham (1974), con-
siders the number, genetic contribution (one-half to prog-
eny, one-fourth to grand progeny, etc.), and year of birth
of descendants derived from an insemination by a single
male. The total number of expressions of an individual
genotype up to a specified time is computed. These ex-
pressions can be discounted. This method is useful when
considering the dissemination of genes from a single ani-
mal. The second formulation considers the change in the
mean breeding value of each age group in the population.
Hill (1974) and Elsen and Mocquot (1974) independently
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described a matrix method for modeling the response to
selection with overlapping generations. Several simplify-
ing assumptions were made, most of which were reason-
able, for computing the response to selection from artifi-
cial selection programs in large domestic species. The
heritabilities and genetic correlations were assumed to be
unchanged, and thus the phenotypic and genotypic selec-
tion differentials remained constant over time. Single-
stage selection was assumed in both sexes. Dentine and
McDainel (1987) used a matrix approach to compute
short-term genetic gain for milk yield in the USA. The
method was deterministic and based on the methods of
Hill (1974). Ducrocq and Quaas (1988) described a meth-
od for optimizing truncation selection across distribu-
tions as well as an application of this procedure, utilizing
the matrix methods of Hill (1974) in dairy Al breeding
plans. These approaches have assumed that a single stage
of selection occurs within the population. If multiple
stage selection is not taken into account, then these meth-
ods may overestimate the selection response. The pur-
pose of this paper is to outline a procedure that can be
used when multistage selection occurs.

Prediction of response with overlapping generations

This discussion will use Hill’s (1974) matrix notation. An
iterative process can be used to compute the proportion
of genes at time r that were derived from animals at time
0. Assume those h male age groups and k female age
groups are present in the population. The equation is
then (Hill 1974; Eq. 2)

m,=Pm,_,, )

where P is an (h+k) by (h+k) matrix corresponding to
the paths of gene transmission via reproduction and
aging. m, is an (h+k)x 1 column vector, with element
m, (i) being the proportion of genes in males of age i (i <h)
in year ¢, or in females of age i — h (i > h) in year ¢, originat-
ing from males in year 0. A similar equation to Eq. 1 can
be derived for the genes originating from females in year
0 in animals in born year ¢ by substituting f, for m, in
Eqg. 1. Because an animal has all of its own genes at time
t=0, the vectors f, and m, are defined broadly as

f0=[01,k 1 01,h—1] and my=[1 01,k+h—1]‘

The blocks of P correspond to the pathways of genes:
males to males | females to males
males to females | females to females |’

The resulting structure of P is
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) | :
i :
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The matrix P combines information on reproduction and
aging. The i element of the first row refers to the propor-
tion of genes transferred to males (i<h) or to females
(i>h) in year t from males of age i in year t— 1. Similarly,
the i element of the 1+ 1 row refers to the proportion of
genes transferred to males (i<h) or to females (i>h) in
year t from females of age i in year t — 1. The response to
selection ‘is the contribution of genes by reproduction
alone. To remove the contribution of genes by aging, a
matrix Q is defined P by setting the elements of rows 1
and h+1 of P to zero.

The response in year ¢ to one cycle of selection occur-
ring at year 1 is (Hill 1974; Eq. 5):

rt:(Pt_Qt)(mogm_l—ngf)s (2)

where g¢,, and g, are the genetic gains from male and
female selection, respectively. The genetic gain vector s
can be defined as

s=(mgyg,,+f9,). 3)

Equation 2 assumes that the females and males are
used to breed replacements for both sexes. This assump-
tions is not normally the case in dairy cattle Al programs.
Two additional matrices are required to specify the pas-
sage of genes by reproduction to males only (E m) and the
passage of genes by reproduction to females only (Ef).
These two matrices of dimensions (k+k) by (h+k) are
formed from

2w for i=1 4
emi’j—{() for i+1 )
and

Per1,; for i=k+1
= 5
¢ Jui {0 for i+k+1’ ©)

respectively. To compute the response to selection, a ge-
netic gain vector for each sex, s, for male and s, for
females, needs to be defined as:

sz(m()gmm+f0gfm)

5f=(mogmf+fogff)s



where g; is the genetic gain for the i™ pathway. The
response to selection in the first time period is

r,=Ems, +Efs; (6)
and, in general for t>1 (Hill 1974, Eq. 22),
r,=Pr,_,+EmQ " 's,+EfQ " 's,. N

The response to continued selection, whether Eqs. 3 or 6
and 7 are used, ist best computed using

R=3 1. (®)

Equation 8 is an approximation for response to continu-
ous selection in the short term (less than 20 years). Be-
cause the effects of inbreeding are ignored, phenotypic
and genetic (co)variances are assumed to be constant
over time, and the realized genetic gain is assumed to
equal the expected genetic gain. For longer periods, the
effects of inbreeding depression must be considered. A
simple method that accounts for inbreeding depression is

r=r,—Bi,, 9

where i, is the vector of percentage inbreeding for male
and female age groups at time ¢ and B is an (h-+k) by
(h+ k) matrix which is the product of the regression coef-
ficient of percentage inbreeding on response depression
and an identity matrix. The percentage of inbreeding can
be computed using methods described by Johnson (1977),
James (1978), or Hill (1979); however, these methods may
underestimate the rate of inbreeding in some situations
(see Wooliams and Wilmut 1989).

Response to selection with overlapping generations
accounting for multistage selection

To account for multistage selection in the model, equa-
tions distinguishing between genes from animals selected
at different stages are required. To simplify the notation,
the ideas will first be presented for two-stage selection
and then extended to n stage selection. Consider an exam-
ple in which the same selected males and females are used
to breed replacements for both sexes. Assume that sec-
ond-stage selection occurs at year y for males and at year
z for females and that the genetic gains from second-stage
male and female selections are g,, and g,,, respectively.
Two additional vectors, m, , and f, ,, need to be defined,
which specify the proportion of genes in male and female
progeny originating from animals selected at the second
stage and born in year 0. In general, m,, , is specified with
zeros in all elements except the y* element, which is set
to 1. Similarly, f; , is specified with zeros in all elements,
except the element corresponding to the z™ age group of
females. In general,

fo,z :[01,k+z—1 1 Ol,h—z]
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and
my,=[0,, , 1 01,h+k—y—1]- (10)

Three genetic gain vectors can be specified, one for first-
stage selection, one for second-stage male selection, and
one for second-stage female selection:

5, =(mgyg,+f, gf)
Som=(Mg 5 Jom)

Sar =(fo.2 ng)-

The reduction in variance due to first-stage selection
should be taken into account when computing the values
for genetic gain for second-stage selection. With single-
stage selection, the genes from selected individuals are
available for dissemination through the population be-
fore the selected individuals become parents. The general
passage of genes from second-stage selection is not differ-
ent from that of genes from first-stage selection, with the
exception that the passage has a time lag of y or z years
for male or female second-stage selections, respectively.
Thus, it is possible to use the general form of Eq. 2 to
compute the response to selection from a second-stage
selection. The general form of the equation for second-
stage male selection is:

=P QT sy, t2y (11)

and for female second-stage selection:
=Pt QT s, t>z. (12)

The total response to a single cycle of selection, assuming
y>z, is an extension of Eq. 4 that incorporates Egs. 11
and 12:

(P'—Q"s, i<z
(Pt_Qt)Sl+(Pt—z_Qt—z+1)S2f tZZ

(Pt_Qt) s, +(Pt—z+1_Qt—z+1) SZf
+(Pt—y+1__Qt—y+1)Szm tZy

ro=

(13)

When there is n-stage selection in males and m-stage
selection in females, the general form of Eq. 13 holds. In
Eq. (13), the quantity #>™ (the response for males from
second-stage selection) is added to the first-stage selec-
tion responses for both males and females and to the
second-stage selection response for females during the
year the male second-stage selection occurred. If a third-
stage sclection of males had taken place, the response
from this selection would be added to the cumulative
responses from preceding years for both males and fe-
males in the year it occurred and in subsequent years.
Thus, the general form of Eq. 13 for n- and m-stage selec-
tion occurring at year y, and z, (z,<y,) in males and
females, respectively, is
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((P'—Q)s; t<z
(Pt__Qt)Sl+(Pt—z+l_Qt—z+1)SZf >z
(Pt__Qt)sl+(Pt—z+1_Qt—z+1)SZf (14)

r=( HETT QT sy, t>y

(Pl—Qt)S1+, e +(Pt—z“+1_Qt—zn+1)snf
\ +(Pt—y"+l_Qt_yn+1)Snm tZyn'

The same principles are used to define the response to
selection for multistage selection when different selection
intensities are used to breed replacements for each sex.
The only difference is the need to extend the four different
genetic gain vectors, namely, S5, Szp s Sa7m> and S51,
in the case of two-stage selection, where

Sme:(mO,Z g2mm)
Sams=(mg , 9arm
Safm =(fo,, mef)

Sar s =(fo,2 gzu),

Where 55,,1m» S2 5> S27m» a0d 5, - correspond to the genet-
ic gain from second-stage selection for each of the four
reproductive pathways. The response to second-stage se-
lection can be defined directly from the single-stage
Egs. 4 and 5, allowing for the time lag between stage 1
and stage 2 selections and for the appropriate genetic
gain vectors. The response to the second-stage male selec-
tion is

ri"=Ems,,, +Efs, t=y
rnr=Pr" +EmQ s, +EfQ Vs, t>y, (15)

with the selection occurring at year y. Similar equations
can be derived for second-stage female selection by re-
placing y (the year second-stage female selection occurs)
with z, s,,, with s, ., and s,,, with s, .. The total
response to a single cycle of selection, assuming two-stage
selection only, is

¥, 1<t<z
ro=x r,+r¥ z>t<y (16)
rerr2 4rim o y>t.

Equation 16 can easily be extended to n-stage selection.
Assume that male selection occurs after female selection
for each stage, with stage ¢ occurring at years z, and y, and
with » stage occurring in years g and p for females and
males, respectively. Then the response to selection is

r, 1 <t<z,
r, 412l Z,<t<y,
re={ rp+r¥4rim oy, <t<z, (17)

rer e i Py, <1<z

To compute the cumulative response from n multiple
stage selection Eq. 15 or 17 are used in Eq. 8. It has been
assumed that the elements of P are constant over time.
Ducrocq and Quaas (1988) suggested that the genetic
merit of different age groups be taken into account when
deriving the elements of P. This results in a P matrix that
varies over time. The equations derived here can easily
account for a P matrix that varies with time. Extensions
to Egs. 14 and 15 are given in the Appendix.

Asymptotic response to selection

The total response achievable from a single cycle of selec-
tion, using the equations developed in the previous sec-
tions, can be shown to agree with the methods of Dicker-
son and Hazel (1944) and Rendel and Robertson (1950),
which are commonly used. To compute the asymptotic
response, the limit, lim r,, must be evaluated. Two gener-

t—>

al results are required:

lim Q'=0, (18)

t—= o
when ¢ exceeds h or k, and (Hill 1974; Egs. 9 and 11)

’

.

tlln; P= 5L’ (19)
where L is the average generation interval (ie.,
(Lyym=+Lys+Lgp,+L;)/4), where 1 is a vector of 1’s
with dimensions 1 and h+k and v is a vector of the
expected gene contribution of the i'* age group. The vec-
tor v of dimension h+k is defined from the elements of
the matrix P (Hill 1974) as

K
'21(P1,j+Ph+1,j) i=1,...,h
i=

Vv, =

! h+k .
2 APy, jtPhse1,p) i=h+1,. . htk
i=1

The asymptotic response to single-stage selection with
the same selected males and females breeding replace-
ments for both sexes is (Hill 1974; Eq. 12)
1v's
tlirilo = tlirI; (P'=-Q)s=——, (20)
which is identical to Rendel and Robertson’s (1950) for-
mulation with G,,=G,,, and G,,=G, . With multi-
stage selection, the asymptotic response is

lim r,= lim (P'— Qs +, ..., +(P' =1 — Q"=+ )5 .
t— oo > w

+(Pt—yn+1_Qt~yn+l)Snm

_IV(si+,... +s,,+s,,) 1)
h 2L ’




which, for two-stage selection, is identical to the formula-
tion given in Dickerson and Hazel (1944), using Rendel
and Robertson’s (1950) notation, with G,,=G,, and
Gpm= G, ;- Equation 21 can be written in terms of Ren-
del and Robertson’s (1950) formula for two-stage selec-
tion as

22)

. GL+Gi+p, Gi+p,G?
lim r,=—"—% P P2y
t o Lym+Lys+Li,+L;ss

where G' is the expected genetic gain from the j* sex and
i stage of selection and p; is the proportion of the i sex
bred from animals selected at the second stage.

When different selection differentials are used for
breeders of males and females, the asymptotic response is
the same for both sexes. If v,, and v, are vectors defined
as the reproductive values of male and female breeders,
respectively, these are given (Hill 1974; Eq. 25) as

h
> piy) i=1,...,h
j=1

m, i htk

Y py; i=h+1,.. h+k
ji=1

h
Y Puery i=1,....h
j=1

ViiT N hek
Y (pp+1,; i=h+1,...,h+k.
j=1

The asymptotic response for single stage selection is (Hill
1974; Eq. 24)

V., S, +V.S
lim r,=| =1 23
tin;lort [ 2L :| (23)

Equation 23 is identical to Rendel and Robertson’s (1950)
formula for response to selection. Extension of this result

to n-stage selection is straightforward and can be derived
directly from Eq. 23 as
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Table 1. Population parameters

Number of young sires selected 70
Proportion of young sires bred to females in the
population 6%
Total cow population size 300,000
Selection intensities

1. Young sires (first stage, top 3.00%), model 1 2.268
2. Bull dams (top 5.00%) 2.063
3. Sires of males (10 from 70), model 1 1.553
4. Sires of females (25 from 70), model 1 1.032
5. Sires of males (top 0.43%), model 2 2.947
6. Sires of females (top 1.00%) model 2 2.665
Average number daughters for sires, grand,

and maternal grand sires 500
Average number of records for bull dam’s dam 5.00
Average number of records for young sire’s dam 1.90
Average number of daughters for progeny test

of young sires 50

(1) male to male;
(2) male to female;
(3) female to male.

The female-to-female pathways is under the control of
individual producers, and hence the selection decisions
made may reflect a variety of criteria. In this study a
population of the size and structure described in Table 1
was used. These parameters were chosen to be represen-
tative of a USA sire proving scheme serving the Holstein
breed. Table 2 gives the proportion of males and females
that are assumed to breed future males and females by
age group. These values were used to form the matrix P.
In this example P is constant over time. Two models are
compared the first (model 1) accounting for two-stage
selection in males and the second (model 2) assuming
one-stage selection for males and failing to account for
two-stage selection. Both models have identical popula-
tion structures, dam selection, and numbers of progeny
tested males selected.

2L

t—

This can be written in the form of Dickerson and Hazel’s
(1944) response to two-stage selection [using Rendel and
Robertson’s (1950) notation] as

. Vi Smtseos +S st Summ V(8,400 +8, ;ntS,
11mrt:[ ( s T Snmm) H V7 (8 sm+Susy)

Grlnm+G11’f+Gr1r1f+G71rlf+pmmG72rlm+pffG}f+pmfGanf+pfmG%m

} 1. (24)

lim r,=
oo | Lyw+Lys+Le,+Le,

Application: modelling genetic gain from
dairy progeny testing scheme

In the prediction of genetic gain from a dairy progeny
testing scheme, three reproductive pathways under direct
control of the breeding scheme are of interest

The selection of males in a progeny testing scheme
generally occurs in two stages. First, the selection of
young males for progeny testing from the population of
eligible young sires occurs. The population of eligible
young sires can be considered as all young sires produced
from all possible matings of parents that meet the proge-
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Table 2. Proportion of animals used as breeders in the four re-
productive pathways for the numerical example of a progeny
testing scheme

Age Male to Female to  Male to Female to
male male female female
1 0.0000 0.0000 0.0000 0.0000
2 0.0000 0.0000 0.0000 0.0000
3 0.0000 0.0000 0.0300 0.0000
4 0.0000 0.1000 0.0000 0.1500
5 0.0000 0.2000 0.0000 0.1250
6 0.0000 0.2000 0.0000 0.1000
7 0.0750 0.0000 0.0750 0.0750
8 0.3000 0.0000 0.1500 0.0250
9 0.1250 0.0000 0.1000 0.0250
10 0.0000 0.0000 0.1000 0.0000
1 0.0000 0.0000 0.0450 0.0000

Table 3. Means (x), genetic standard deviations (SD), and herita-
bilities (k?), genetic correlations (r,), phenotypic correlations (v ),
repeatabilities (R), and economic weights (E.W.) for milk, fat, and
protein yield (kg)

X SD  A? ¥ r R EW.

g P
Milk volume 8,948 905.77 0.26 046 0.0274
Milk fat 324 3230 0.24 0.38 1.4800
Milk protein 290 25.16 0.21 042 14300
Milk - Fat 0.58 0.82
Milk — Protein 0.86 0.93
Fat—Protein 0.70 0.85

Table 4. Genetic gain (kg) for the three traits and the asymptotic
response to selection calculated using Eq. 24

Model 1

Milk Milk  Milk
volume fat protein

1,216.85 29.52  30.82
1,216.85 29.52  30.82
97209 2240 23.64
73548 1694 17.89
1,358.43 3217  34.37
200.05 475 5.00

Male-to-male first stage
Male-to-female first stage
Male-to-male second stage
Male-to-female second stage
Female-to-male first stage
Asymptotic rate

Model 2

Milk Milk  Milk
volume fat protein

2,336.91 55.67 58.51
2,14041 5043 5291
1,358.13 3217 34.37

21391 5.06 5.43

Male-to-male first stage
Male-to-female first stage
Female-to-male first stage
Asymptotic rate

ny schemes criteria (e.g., progeny-tested males, registered
females with adequate pedigree information and ade-
quate dairy conformation scores). The second stage is
selection of males from the progeny-tested young sires
that are to be used widely in the population. The selection
of bull dams is single-stage selection. It will be assumed
that for model 1 the first stage of selection for sires is
based on pedigree information (grand sire, maternal
grand sire, sire, and dam), and that second-stage selection
is based on the same pedigree information, as well as on
progeny test information. The genetic gains from sire
selection (model 1) are computed using a two-stage selec-
tion index (Cunningham 1975), which accounts for the
reduction in variance from first-stage selection when
computing genetic gain for the second stage. Sire selec-
tion in model 2 is single stage, based on the same pedigree
information as well as on progeny test information. Bull
dam selection is assumed to be based on the pedigree
information, as are selections of young sires and their
production. Genetic gains from bull dams and sires in
model 2 are computed using a single-stage selection index
(Hazel 1943). In the selection index three traits — milk
volume, milk fat, and milk protein production — were
considered. Heritabilities, genetic and phenotypic corre-
lations, and repeatabilities for the Holstein Freisian breed
have been reported recently by Manfredi et al. (1984), de
Jager and Kennedy (1987), Schutz et al. (1990), and
Welper et al. (1989). The estimates used in this study were
derived from these reports and are given in Table 3. Using
the appropriate selection intensities from Table 1, the ex-
pected gains in the three traits for the three reproductive
pathways are given in Table 4. The economic weights
used are from the USDA predicted transmitting abilities
dollars protein (PTAS$P) index; these are given in Table 3.

To predict the response to selection over time with
two stages (model 1), Eq. 17 is used. More specifically, if
two-stage male selection occurs at the start of year 7
(when young sires are 6 years old), then the equations are

ri=Ems, +Efs,

r=Pr_;+EmQ's, +EfQ"'s; 7

ri"=Ems,,, +Efs,, =7

" =Prl +EmQ s, +EfQ s, 1>7
_{Vt 1<t<7
= 7',+V,2m t =17

P, Em, and Ef can be formed from Table 2. The genetic
gain vectors s, S;, Sy, ;, and s,,, have dimension 22,
with the following form (values for milk are from Table 4)

(1) s, =[121648 0,,,, 121648 0,.,.],
@ s, =[73548 0,1,

B) Syum=I[0;xs 97209 0,,,5], and

@) Sy, =10y, 73548 0,,,s].
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The response to selection for model 2 is computed using
Egs. 6 and 7, where the appropriate genetic gaing vectors
are (values for milk are from Table 4):

(1) s,=[236691 0,,,, 214041 0,, ],
@) §;=[73548 0,,,,].

The cumulative response to continuous cycles of se-
lection for both models is computed using Eq. 8. The
models were run for 20 years and the results for both
responses to a single cycle of selection and cumulative
responses {0 continuous selection for the three traits and
two models are given in Table 5.

The responses to selection for the three traits and
both models show considerable oscillation in the first few
years before the asymptotic rates are reached. This is
clearly seen in Fig. 1 for protein yield and in Table 5 for
all traits. If model 1 is allowed to run until the response
from a single cycle of selection stabilizes, the following
values are obtained: 200.5, 4.75, and 5.00 for milk, fat, and
protein, respectively. These values are identical to those
calculated (Table 4) in the terms of classical selection the-
ory. Assuming single-stage selection for males (model 2),
the asymptotic rates obtained are 213.74, 5.04, and 5.31
for milk, fat, and protein, respectively, which overesti-
mates the predicted rates accounting for two-stage selec-
tion by at least 6%.

The cumulative response to protein yield for both
models is illustrated in Fig. 2. Calculating the cumulative
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Table 5. Response to a single cycle of selection for the three
production traits for models 1 and 2 (all amounts in kg)

Year Model 1 Model 2

Milk Fat Protein Milk Fat Protein
1 0.0 0.00 0.00 0.00 0.00 0.00
2 0.0 0.00 0.00 000 000 0.00
3 36.5 089 092 64.21 1.51  1.59
4 0.0 0.00 0.00 000 000 0.00
5 0.0 0.00 0.00 0.00 0.00 0.00
6 0.0 0.00 0.00 0.00 0.00 0.00
7 156.0 371 3.89 174.13 410 431
8 305.6 727 163 337.01 793 834
9 207.0 493 517 22839 537 5.65

10 203.0 483 507
11 142.3 338 355
12 1154 274 289
13 159.5 379 401
14 193.4 459 4386
15 2333 554 584
16 266.3 632 665
17 2257 536 5.64
18 192.3 457 4.80
19 17341 411 433
20 164.9 392 413

22438 528 555
15564  3.66 385
122.81 290 306
166.14 393 4.16
20283 478 5.06
24828 585 6.17
28573 673 709
24357 573 6.04
20745 488 514
18559 437 4.6l
17515 413 436

response to selection from model 2 rather than model 1
results in cumulative responses for 20 years of 3,022, 71,
and 75 kg compared to 2,774, 66, and 69 kg for milk, fat,
and protein, respectively, which would overestimate the
response by at least 8% for all traits. The extent of over-
estimation depends upon the nature of selection and the
generation intervals in the four reproductive pathways.
Because multistage selection increases the generation in-
terval, which increases the degree of overestimation from
assuming stage, the breeding equations presented should
be used to compute the response to selection. The over-
estimation of response results from the failure to account
for the flow of genes from animals selected in different
stages and reduction of variance caused by prior selection
in the estimation of genetic gains. The methods of Cun-
ningham (1975) used here to compute genetic gains for
two-stage sire selection are only valid for two stages of
selection. After two stages of selection, the distribution of
selected individuals is no longer normal. For situations
where selection involves more than two stages, the effect
of the departure from normality on the computation of
genetic gains from later stages will require consideration
when applying the breeding equations.

Appendix
Equations 14 and 15 are presented assuming P is con-

stant over time. In situations where P is known a priori
to vary with time, or where truncation selection across
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distributions of individuals is applied (see Ducrocq and
Quaas 1988), a simple extension to these equations can be
used. Define P** as:

P¥=P,xP,_; x,.., xP,, (A1)

where P, is the P matrix at time t. The extension to Eq. 14
is:

(P —Q')s, t<z
(P*t_Qt)Sl+(P*t—z+1_Qt—z+1)Szf I>z
(P*t_Qt) 54 +(P*t—z+1 __Qt—z+ 1) S2f

re= +PHTTI QT ) sy, b2y

PH—Q)s; +, ..., +(PH T _QTE ),
\ +(P*t—yn+1__Qt—y,.+1)S tZy,,.
(A2)

The extension to Eq. 15 requires P, Em, and Ef to be
indexed in time:

nm

ri"=Em,s,,,+Efs, t=y

I‘t2m=Ptrt2_"n1+Etht_ySmm+EftQtﬁysmf t>y. (A3)

Equations A2 and A 3 can be substituted for Eqs. 14 and
15 and used in Egs. 17 and 18.
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