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Summary. A generalization of Hill's equations predicting 
response to selection is developed that accounts for mul- 
tiple stage selection in either or both sexes. The method 
accounts for the flow of genes for animals selected at later 
stages. This allows for the use of genetic gains from later 
stages, which explains the reduction in variance due to 
previous selection. Genetic gains from different selection 
differentials in each reproductive pathway are incorpo- 
rated into the equations. The asymptotic response to a 
single cycle of selection is shown to agree with classical 
selection theory. 

The method is applied to a dairy progeny testing 
scheme representative of an artificial insemination orga- 
nization in the USA. Two models were compared: (1) the 
first model accounted for two-stage selection of males, the 
first stage being based on pedigree information and the 
second stage on both pedigree and progeny test informa- 
tion; and (2) the second model assumed single-stage male 
selection. Selection was based on milk volume, milk fat, 
and milk protein yields. The predicted asymptotic rates 
for a single cycle of selection were overestimated by 6% 
and the cumulative response to continuous selection over 
20 years was overestimated by 8% by assuming single- 
stage male selection. 

Key words: Multistage selection Response Overlap- 
ping generations - Dairy cattle 

Introduction 

With discrete generations, selected individuals are mated 
at approximately the same time. The generation interval 

* Journal Paper No. J14146 of the Iowa Agriculture and Home 
Economics Experiment Station, Ames, Iowa; Project No. 1053 

is the interval between matings in successive generations, 
or when replacements for the next generation are born. 
When generations overlap, the replacement of parents by 
selected offspring approaches a continuous process. The 
generation interval in a population with overlapping gen- 
erations can be calculated as the average age of parents 
at the birth of their selected offspring. The original formu- 
lae for predicting the rates of response to selection in 
overlapping generations were obtained by Dickerson and 
Hazel (1944) and generalized by Rendel and Robertson 
(1950). In addition to identifying the intensities of selec- 
tion and changes in genetic variation due to two-stage 
selection, Dickerson and Hazel (1944) distinguished be- 
tween selection in the male and female populations. The 
asymptotic rate of selection in a continuing breeding pro- 
gram essentially equals the ratio of the mean selection 
intensity of the parents to the mean age of parents when 
progeny are born. 

A number of authors has computed predictions of 
response to selection before the asymptotic rates have 
been reached. Searle (1961) examined the improvement in 
genetic gain from the use of herd testing and artificial 
insemination (AI). Alternative methods were described by 
Brascamp (1973), McClintock and Cunningham (1974), 
and Hill (1974). The methods are of two kinds. The first, 
attributed to McClintock and Cunningham (1974), con- 
siders the number, genetic contribution (one-half to prog- 
eny, one-fourth to grand progeny, etc.), and year of birth 
of descendants derived from an insemination by a single 
male. The total number of expressions of an individual 
genotype up to a specified time is computed. These ex- 
pressions can be discounted. This method is useful when 
considering the dissemination of genes from a single ani- 
mal. The second formulation considers the change in the 
mean breeding value of each age group in the population. 
Hill (1974) and Elsen and Mocquot (1974) independently 
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described a matrix method for modeling the response to 
selection with overlapping generations. Several simplify- 
ing assumptions were made, most of which were reason- 
able, for computing the response to selection from artifi- 
cial selection programs in large domestic species. The 
heritabilities and genetic correlations were assumed to be 
unchanged, and thus the phenotypic and genotypic selec- 
tion differentials remained constant over time. Single- 
stage selection was assumed in both sexes. Dentine and 
McDainel (1987) used a matrix approach to compute 
short-term genetic gain for milk yield in the USA. The 
method was deterministic and based on the methods of 
Hill (1974). Ducrocq and Quaas (1988) described a meth- 
od for optimizing truncation selection across distribu- 
tions as well as an application of this procedure, utilizing 
the matrix methods of Hill (1974) in dairy AI breeding 
plans. These approaches have assumed that a single stage 
of selection occurs within the population�9 If multiple 
stage selection is not taken into account, then these meth- 
ods may overestimate the selection response. The pur- 
pose of this paper is to outline a procedure that can be 
used when multistage selection occurs�9 

Predict ion of  response with overlapping generations 

This discussion will use Hill's (1974) matrix notation. An 
iterative process can be used to compute the proport ion 
of genes at time t that were derived from animals at time 
0. Assume those h male age groups and k female age 
groups are present in the population. The equation is 
then (Hill 1974; Eq. 2) 

mr = P mr-  1, (1) 

where P is an (h + k) by (h + k) matrix corresponding to 
the paths of gene transmission via reproduction and 
aging, m t is an (h + k ) x  1 column vector, with element 
mt (i) being the proport ion of genes in males of age i (i_< h) 
in year t, or in females of age i -  h (i > h) in year t, originat- 
ing from males in year 0. A similar equation to Eq. 1 can 
be derived for the genes originating from females in year 
0 in animals in born year t by substituting ft for m t in 
Eq. 1. Because an animal has all of its own genes at time 
t = 0, the vectors fo and mo are defined broadly as 

fo=[Ol,k 1 01,h_1] and mo=[1  01,k+h_l]. 

The blocks of P correspond to the pathways of genes: 

' t-~ 1 males to males I 

males to females I females to females J"  

The resulting structure of P is 

P l , 1  . . . . . . . . .  Pl,h 

1 0 . . . . . .  0 

0 1 
" . .  Z 

0 0 . . . 1  0 

P l , h + l  . . . . . . . . .  Pl,h+k 

0 . . . . . . . . .  0 
; i 

0 . . . . . . . . .  0 

Ph+ 1,1 

0 

0 

E . . . . . . . . . .  . _ ?  . . . . . .  . . . . . . . . .  Ph+l,h l P h + l , h + l  . . . . . .  Ph+l,h+k ; 

0 I 1 0 ...... 0 
�9 o J ! 

�9 I : ' ' .  ! 

o l  o o . . . 1  o 

The matrix P combines information on reproduction and 
aging. The i th element of the first row refers to the propor- 
tion of genes transferred to males (i_< h) or to females 
(i > h) in year t from males of age i in year t -  1. Similarly, 
the i th element of the h + 1 row refers to the proport ion of 
genes transferred to males (i_< h) or to females (i > h) in 
year t from females of age i in year t -  1. The response to 
selection'is the contribution of genes by reproduction 
alone�9 To remove the contribution of genes by aging, a 
matrix Q is defined P by setting the elements of rows 1 
and h + 1 of P to zero. 

The response in year t to one cycle of selection occur- 
ring at year 1 is (Hill 1974; Eq. 5): 

rr = (p t_  Qt)(m ~ gm + fo g f) ,  (2) 

where gm and gf are the genetic gains from male and 
female selection, respectively. The genetic gain vector s 
can be defined as 

s = (m 0 gm + f0 g f)" (3) 

Equation 2 assumes that the females and males are 
used to breed replacements for both sexes. This assump- 
tions is not normally the case in dairy cattle AI programs. 
Two additional matrices are required to specify the pas- 
sage of genes by reproduction to males only (E m) and the 
passage of genes by reproduction to females only (E f). 
These two matrices of dimensions (h + k) by (h + k) are 
formed from 

;p for i =  1 
emi'J=lo 1J for i # 1  ( 4 )  

and 

fPk+l,j for i = k + l  
eJ~'J=lO for i :#k+l '  (5) 

respectively. To compute the response to selection, a ge- 
netic gain vector for each sex, s,, for male and sf for 
females, needs to be defined as: 

sm=(mogm,, +fogf.,) 

S f  ~--- (m o gmf  + fo g f f ) ,  



where 9g is the genetic gain for the i th pathway. The 
response to selection in the first time period is 

r l = E m s m + E f s l ;  (6) 

and, in general for t > l  (Hill 1974, Eq. 22), 

rt=Prt_ 1 + E m  Qt-1 s,n+ E f Q t -  1 sf .  (7) 

The response to continued selection, whether Eqs. 3 or 6 
and 7 are used, ist best computed using 

R,= ~ r,. (8) 
t=l 

Equation 8 is an approximation for response to continu- 
ous selection in the short term (less than 20 years). Be- 
cause the effects of inbreeding are ignored, phenotypic 
and genetic (co)variances are assumed to be constant 
over time, and the realized genetic gain is assumed to 
equal the expected genetic gain. For longer periods, the 
effects of inbreeding depression must be considered. A 
simple method that accounts for inbreeding depression is 

r' t = r~ - B i t, (9) 

where i t is the vector of percentage inbreeding for male 
and female age groups at time t and B is an (h + k) by 
(h + k) matrix which is the product of the regression coef- 
ficient of percentage inbreeding on response depression 
and an identity matrix. The percentage of inbreeding can 
be computed using methods described by Johnson (1977), 
James (1978), or Hill (1979); however, these methods may 
underestimate the rate of inbreeding in some situations 
(see Wooliams and Wilmut 1989). 

Response to selection with overlapping generations 
accounting for multistage selection 

To account for multistage selection in the model, equa- 
tions distinguishing between genes from animals selected 
at different stages are required. To simplify the notation, 
the ideas will first be presented for two-stage selection 
and then extended to n stage selection. Consider an exam- 
ple in which the same selected males and females are used 
to breed replacements for both sexes. Assume that sec- 
ond-stage selection occurs at year y for males and at year 
z for females and that the genetic gains from second-stage 
male and female selections are g2m and g2f, respectively. 
Two additional vectors, rot, 2 and ft,2, need to be defined, 
which specify the proportion of genes in male and female 
progeny originating from animals selected at the second 
stage and born in year 0. In general, too, 2 is specified with 
zeros in all elements except the yth element, which is set 
to 1. Similarly, fo,2 is specified with zeros in all elements, 
except the element corresponding to the z th age group of 
females. In general, 

fo,2=[01,k+z_l 1 01,h_z] 
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and 

mo,2=[01,y_l 1 01,h+ k y 1]" (10) 

Three genetic gain vectors can be specified, one for first- 
stage selection, one for second-stage male selection, and 
one for second-stage female selection: 

sl =(mo gin+foe:) 

Sam = (mo,2 g2m) 

s2: = (fo,2 g2f)" 

The reduction in variance due to first-stage selection 
should be taken into account when computing the values 
for genetic gain for second-stage selection. With single- 
stage selection, the genes from selected individuals are 
available for dissemination through the population be- 
fore the selected individuals become parents. The general 
passage of genes from second-stage selection is not differ- 
ent from that of genes from first-stage selection, with the 
exception that the passage has a time lag of y or z years 
for male or female second-stage selections, respectively. 
Thus, it is possible to use the general form of Eq. 2 to 
compute the response to selection from a second-stage 
selection. The general form of the equation for second- 
stage male selection is: 

r~=(Pt-Y+l-Qt-Y+l)s2~ t>_y (11) 

and for female second-stage selection: 

r2f=(Pt-z+l-Qt-Z+l)Szf t>_z. (12) 

The total response to a single cycle of selection, assuming 
y > z, is an extension of Eq. 4 that incorporates Eqs. 11 
and 12: 

( ( a t - Q t ) s  1 t<z 
J (Pt -Qt )s l  +(P'-Z-Qt-Z+l)s2f t>_z 

r t = )  +(pt -~+l  Qt-Z+ (13) (p t_  Qt) sl _ 1) s2: 

k +(Pt-Y+ 1-- Qt-y+ 1) s2m t>_y. 

When there is n-stage selection in males and m-stage 
selection in females, the general form of Eq. 13 holds. In 
Eq. (13), the quantity r TM (the response for males from 
second-stage selection) is added to the first-stage selec- 
tion responses for both males and females and to the 
second-stage selection response for females during the 
year the male second-stage selection occurred. If a third- 
stage selection of males had taken place, the response 
from this selection would be added to the cumulative 
responses from preceding years for both males and fe- 
males in the year it occurred and in subsequent years. 
Thus, the general form of Eq. 13 for n- and m-stage selec- 
tion occurring at year y, and z n (z ,<y,)  in males and 
females, respectively, is 
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[ ( p t _  Qt) sl t < z 

-~-( - - ~  - )S2f t>z  i(PtQt)sl p t - z +  i .,-~t z + l  

(et Qt) s a + (pt-~+ ~ _ Qt-Z + a) s2f (14) 

rt = + ( p t - y +  1 _ _  Q t - y +  1) S2 m t>_y 

[ ( 1 ; ' - Q g s ~ +  . . . .  , + ( e ' - ~ " + ~ - Q t - ~ " + b s . s  

+(Pt-r~+l-Qt-r"+l)  S~m t>__y~. 

The same principles are used to define the response to 
selection for multistage selection when different selection 
intensities are used to breed replacements for each sex. 
The only difference is the need to extend the four different 
genetic gain vectors, namely, Simm, Szmf, S2fm, and SzH, 
in the case of two-stage selection, where 

S2mm = (mo,2 g2mm) 

s2ms = (mo.2 g2fm) 

s 2 ~  = (fo,2 g2mf) 

s~ff  = (fo,~ g2 f f ) ,  

where S2mm, S2mf, S2fm, and szH correspond to the genet- 
ic gain from second-stage selection for each of the four 
reproductive pathways. The response to second-stage se- 
lection can be defined directly from the single-stage 
Eqs. 4 and 5, allowing for the time lag between stage 1 
and stage 2 selections and for the appropriate genetic 
gain vectors. The response to the second-stage male selec- 
tion is 

r~m=Emsmm+Efsmy t = y  

r~m=pr~_ml+EmQt-rsmm+EfQt-YSmf t>y ,  (15) 

with the selection occurring at year y. Similar equations 
can be derived for second-stage female selection by re- 
placing y (the year second-stage female selection occurs) 
with z, S2 f  f w i t h  S2mf ,  a n d  s 2 f  m with S2m m. The total 
response to a single cycle of selection, assuming two-stage 
selection only, is 

I r t 1 <_ t<z  
rt= rt+r2t f z > t < y  (16) 

[.r,+r,  f+r t m 

Equation 16 can easily be extended to n-stage selection�9 
Assume that male selection occurs after female selection 
for each stage, with stage t occurring at years z t and Yt and 
with n stage occurring in years q and p for females and 
males, respectively. Then the response to selection is 

f r t 1 <_t <_z 2 
r t+r2t y z 2 <_ t<y2 

rt= ~rt+r2f+r2t m Y2 <t<Z3 (17) 

I 
v , + r y + r p ' + r ~ f + r ~ ' +  . . . . .  + r F  yv_< t_< ~. 

To compute the cumulative response from n multiple 
stage selection Eq. 15 or 17 are used in Eq. 8. It has been 
assumed that the elements of P are constant over time. 
Ducrocq and Quaas (1988) suggested that the genetic 
merit of different age groups be taken into account when 
deriving the elements of P. This results in a P matrix that 
varies over time. The equations derived here can easily 
account for a P matrix that varies with time. Extensions 
to Eqs. 14 and 15 are given in the Appendix�9 

Asymptotic response to selection 

The total response achievable from a single cycle of selec- 
tion, using the equations developed in the previous sec- 
tions, can be shown to agree with the methods of Dicker- 
son and Hazel (1944) and Rendel and Robertson (1950), 
which are commonly used. To compute the asymptotic 
response, the limit, lim r t, must be evaluated. Two gener- 

t-*oo 

al results are required: 

lim Q t = 0 ,  (18) 
t~o0 

when t exceeds h or k, and (Hill 1974; Eqs. 9 and 11) 

1 V' 
lim p t = _  (19) 
t ~ o  2 L '  

where L is the average generation interval (i.e., 
(Lmm+Lmf+LI~+LH)/4) ,  where 1 is a vector of l 's  
with dimensions 1 and h +  k and v is a vector of the 
expected gene contribution of the ith age group. The vec- 
tor v of dimension h + k is defined from the elements of 
the matrix P (Hill 1974) as 

Z (Pl j+Ph+Ij)  i=1  . . . . .  h 
j = l  

Vi= h+k 

(Pl,j+Ph+Ij) i = h + l  . . . . .  h+k  
j = l  

The asymptotic response to single-stage selection with 
the same selected males and females breeding replace- 
ments for both sexes is (Hill 1974; Eq. 12) 

1 V'S 
lim rt = lim (p t_  Qt)s = - -  (20) 

which is identical to Rendel and Robertson's (1950) for- 
mulation with G f f =  Gym and Gmm=Gml. With multi- 
stage selection, the asymptotic response is 

lim r ,=  lim ( P t - Q t ) s  1 + . . . . .  + ( p t - z . + l  _ Q t - z . + l ) s , f  

+ ( p t - y . +  1 __Qt-y.+ l) Snm 

lv ' ( s  1 + . . . .  + s , f + s , m )  
2L  ' (21) 
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which, for two-stage selection, is identical to the formula- 
tion given in Dickerson and Hazel (1944), using Rendel 
and Robertson's (1950) notation, with GH=Gym and 
Gram = Gm,. Equation 21 can be written in terms of Ren- 
del and Robertson's (1950) formula for two-stage selec- 
tion as 

1 1 2 
lim r, = G,, + Gy +Pm Gm q- Pf G~ (22) 
t ~  L m m + L m f + L y m + L f f  

where G} is the expected genetic gain from the j  th sex and 
ith stage of selection and Pl is the proport ion of the i th s e x  

bred from animals selected at the second stage. 
When different selection differentials are used for 

breeders of males and females, the asymptotic response is 
the same for both sexes. If v m and Vy are vectors defined 
as the reproductive values of male and female breeders, 
respectively, these are given (Hill 1974; Eq. 25) as 

f i ~  ,pl ,J)  i=1 . . . .  , h 

Vm, i~  ~ h+k 

and 

t j~- i Ph+ l , j  i = 1 , . . . ,  h 

Vf, i= ~h+k 

k 

The asymptotic response for single stage selection is (Hill 
1974; Eq. 24) 

l i m r t  L ~  2 L  3 1 .  (231 

Equation 23 is identical to Rendel and Robertson's (1950) 
formula for response to selection. Extension of this result 
to n-stage selection is straightforward and can be derived 
directly from Eq. 23 as 

lim r t = [  v'm (sm + . . . . .  + s~ , , , f+s  . . . .  ) -1- Yf  ( S f  "~- . . . . .  -}-Sn, fm-[-Sn,ff!]l. 
t --+ ~3 L A 

Table 1. Population parameters 

Number of young sires selected 70 
Proportion of young sires bred to females in the 
population 6% 
Total cow population size 300,000 
Selection intensities 
1. Young sires (first stage, top 3.00%), model 1 2.268 
2. Bull dams (top 5.00%) 2.063 
3. Sires of males (10 from 70), model 1 1.553 
4. Sires of females (25 from 70), model 1 1.032 
5. Sires of males (top 0.43%), model 2 2.947 
6. Sires of females (top 1.00%) model 2 2.665 
Average number daughters for sires, grand, 
and maternal grand sires 500 
Average number of records for bull dam's dam 5.00 
Average number of records for young sire's dam 1.90 
Average number of daughters for progeny test 
of young sires 50 

(1) male to male; 
(2) male to female; 
(3) female to male. 

The female-to-female pathways is under the control of 
individual producers, and hence the selection decisions 
made may reflect a variety of criteria. In this study a 
population of the size and structure described in Table 1 
was used. These parameters were chosen to be represen- 
tative of a USA sire proving scheme serving the Holstein 
breed. Table 2 gives the proport ion of males and females 
that are assumed to breed future males and females by 
age group. These values were used to form the matrix P. 
In this example P is constant over time. Two models are 
compared the first (model 1) accounting for two-stage 
selection in males and the second (model 2) assuming 
one-stage selection for males and failing to account for 
two-stage selection. Both models have identical popula- 
tion structures, dam selection, and numbers of progeny 
tested males selected. 

2L  

This can be written in the form of Dickerson and Hazel's 
(1944) response to two-stage selection [using Rendel and 
Robertson's (1950) notation] as 

1 1 1 l 2 2 2 G 2 Gmm+Gff+Gmf+Gmf+PmmGmm+pffGf f+PmfGmf+Pfm fm 
lira r t = 

Lmm + Lmf + Lyre + LfI t ~ o o  

(24) 

(25) 

Application: modelling genetic gain from 
dairy progeny testing scheme 

In the prediction of genetic gain from a dairy progeny 
testing scheme, three reproductive pathways under direct 
control of the breeding scheme are of interest 

The selection of males in a progeny testing scheme 
generally occurs in two stages. First, the selection of 
young males for progeny testing from the population of 
eligible young sires occurs. The population of eligible 
young sires can be considered as all young sires produced 
from all possible matings of parents that meet the proge- 
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Table 2. Proportion of animals used as breeders in the four re- 
productive pathways for the numerical example of a progeny 
testing scheme 

Age Male to Female to Male to Female to 
male male female female 

1 0.0000 0.0000 0.0000 0.0000 
2 0.0000 0.0000 0.0000 0.0000 
3 0.0000 0.0000 0.0300 0.0000 
4 0.0000 0.1000 0.0000 0.1500 
5 0.0000 0.2000 0.0000 0.1250 
6 0.0000 0.2000 0.0000 0.1000 
7 0.0750 0.0000 0.0750 0.0750 
8 0.3000 0.0000 0.1500 0.0250 
9 0.1250 0.0000 0.t000 0.0250 

t0 0.0000 0.0000 0.1000 0.0000 
11 0.0000 0.0000 0.0450 0.0000 

Table 3. Means (x), genetic standard deviations (SD), and herita- 
bilities (hZ), genetic correlations (%), phenotypic correlations (r,), 
repeatabilities (R), and economic weights (E.W.) for milk, fat, and 
protein yield (kg) 

SD h 2 r o rp R E.W. 

Milk volume 8,948 905.77 0.26 0.46 0.0274 
Milk fat 324 32.30 0.24 0.38 1.4800 
Milk protein 290 25.16 0.21 0.42 1.4300 

Milk-Fat 0.58 0.82 
Milk Protein 0.86 0.93 
Fat-Protein 0.70 0.85 

Table 4. Genetic gain (kg) for the three traits and the asymptotic 
response to selection calculated using Eq. 24 

Model 1 

Milk Milk Milk 
volume fat protein 

Male-to-male first stage 1,216.85 29.52 30.82 
Male-to-female first stage 1,216.85 29.52 30.82 
Male-to-male second stage 972.09 22.40 23.64 
Male-to-female second stage 735.48 16.94 17.89 
Female-to-male first stage 1,358.13 32.17 34.37 
Asymptotic rate 200.05 4.75 5.00 

Model 2 

Milk Milk Milk 
volume fat protein 

Male-to-male first stage 2,336.91 55.67 58.51 
Male-to-female first stage 2,140.41 50.43 52.91 
Female-to-male first stage 1,358.13 32.17 34.37 
Asymptotic rate 213.91 5.06 5.43 

ny schemes criteria (e.g., progeny-tested males, registered 
females with adequate pedigree information and ade- 
quate dairy conformation scores). The second stage is 
selection of males from the progeny-tested young sires 
that are to be used widely in the population. The selection 
of bull dams is single-stage selection. It will be assumed 
that for model 1 the first stage of selection for sires is 
based on pedigree information (grand sire, maternal 
grand sire, sire, and dam), and that second-stage selection 
is based on the same pedigree information, as well as on 
progeny test information. The genetic gains from sire 
selection (model 1) are computed using a two-stage selec- 
tion index (Cunningham 1975), which accounts for the 
reduction in variance from first-stage selection when 
computing genetic gain for the second stage. Sire selec- 
tion in model 2 is single stage, based on the same pedigree 
information as well as on progeny test information. Bull 
dam selection is assumed to be based on the pedigree 
information, as are selections of young sires and their 
production. Genetic gains from bull dams and sires in 
model 2 are computed using a single-stage selection index 
(Hazel 1943). In the selection index three traits - milk 
volume, milk fat, and milk protein production - were 
considered. Heritabilities, genetic and phenotypic corre- 
lations, and repeatabilities for the Holstein Freisian breed 
have been reported recently by Manfredi et al. (1984), de 
Jager and Kennedy (1987), Schutz et al. (1990), and 
Welper et al. (1989). The estimates used in this study were 
derived from these reports and are given in Table 3. Using 
the appropriate selection intensities from Table 1, the ex- 
pected gains in the three traits for the three reproductive 
pathways are given in Table 4. The economic weights 
used are from the USDA predicted transmitting abilities 
dollars protein (PTASP) index; these are given in Table 3. 

To predict the response to selection over time with 
two stages (model 1), Eq. 17 is used. More specifically, if 
two-stage male selection occurs at the start of year 7 
(when young sires are 6 years old), then the equations are 

r 1 = E m s m + E f s f  

r t = P r t _ l  + E m Q t - l s m + E f Q t - l s y  (27) 

r2tm=Ems2mm + Efs2mf  t = 7  

r2tm=prat_ml + E m Q t - T s 2 m m + E f Q t - T s 2 , ~ f  t > 7  

r t 1 < t < 7  
r t rt+r 2m t >_7 

P, E m, and E f can be formed from Table 2. The genetic 
gain vectors sz, s f, s2mf, and s2~ m have dimension 22, 
with the following form (values for milk are from Table 4) 

(1) s~, =[1216.48 01• 1216.48 01• 

(2) s) =[735.48 01• 

(3) S'2m,,=[01• 972.09 01• and 

(4) s lmf=[01•  735.48 01• ]. 
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Fig. 2. Response to cumulative selection for protein yield 

The response to selection for model 2 is computed using 
Eqs. 6 and 7, where the appropriate genetic gains vectors 
are (values for milk are from Table 4): 

(1) s '=[2366.91 01• 2140.41 0a• 

(2) s)=[735.48 01~21 ]. 

The cumulative response to continuous cycles of se- 
lection for both models is computed using Eq. 8. The 
models were run for 20 years and the results for both 
responses to a single cycle of selection and cumulative 
responses to continuous selection for the three traits and 
two models are given in Table 5. 

The responses to selection for the three traits and 
both models show considerable oscillation in the first few 
years before the asymptotic rates are reached. This is 
clearly seen in Fig. I for protein yield and in Table 5 for 
all traits. If model 1 is allowed to run until the response 
from a single cycle of selection stabilizes, the following 
values are obtained: 200.5, 4.75, and 5.00 for milk, fat, and 
protein, respectively. These values are identical to those 
calculated (Table 4) in the terms of classical selection the- 
ory. Assuming single-stage selection for males (model 2), 
the asymptotic rates obtained are 213.74, 5.04, and 5,31 
for milk, fat, and protein, respectively, which overesti- 
mates the predicted rates accounting for two-stage selec- 
tion by at least 6%. 

The cumulative response to protein yield for both 
models is illustrated in Fig. 2. Calculating the cumulative 

335 

Table 5. Response to a single cycle of selection for the three 
production traits for models 1 and 2 (all amounts in kg) 

Year Model 1 Model 2 

Milk Fat Protein Milk Fat Protein 

i 0.0 0.00 0.00 0.00 0.00 0.00 
2 0.0 0.00 0.00 0.00 0.00 0.00 
3 36.5 0.89 0.92 64.21 1.51 1.59 
4 0.0 0.00 0.00 0.00 0.00 0.00 
5 0.0 0.00 0.00 0.00 0.00 0.00 
6 0.0 0.00 0.00 0.00 0.00 0.00 
7 156.0 3.71 3.89 !74.13 4.10 4.31 
8 305.6 7.27 7.63 337.01 7.93 8.34 
9 207.0 4.93 5.17 228.39 5.37 5.65 

tO 203.0 4,83 5.07 224,38 5.28 5.55 
11 142.3 3.38 3.55 155.64 3.66 3.85 
12 115.4 2.74 2.89 122.81 2.90 3.06 
13 159.5 3.79 4.01 166.14 3.93 4.16 
14 193,4 4.59 4.86 202.83 4.78 5.06 
15 233.3 5.54 5.84 248.28 5.85 6.17 
16 266.3 6.32 6.65 285.73 6.73 7.09 
17 225.7 5.36 5.64 243.57 5.73 6.04 
18 192.3 4.57 4.80 207.45 4.88 5.14 
19 ]73.1 4.11 4.33 185.59 4.37 4.61 
20 164.9 3.92 4.13 175.15 4.13 4.36 

response to selection from model 2 rather than model 1 
results in cumulative responses for 20 years of 3,022, 71, 
and 75 kg compared to 2,774, 66, and 69 kg for milk, fat, 
and protein, respectively, which would overestimate the 
response by at least 8% for all traits. The extent of over- 
estimation depends upon the nature of selection and the 
generation intervals in the four reproductive pathways. 
Because multistage selection increases the generation in- 
terval, which increases the degree of overestimation from 
assuming stage, the breeding equations presented should 
be used to compute the response to selection. The over- 
estimation of response results from the failure to account 
for the flow of genes from animals selected in different 
stages and reduction of variance caused by prior selection 
in the estimation of genetic gains. The methods of Cun- 
ningham (1975) used here to compute genetic gains for 
two-stage sire selection are only valid for two stages of 
selection. After two stages of selection, the distribution of 
selected individuals is no longer normal. For  situations 
where selection involves more than two stages, the effect 
of the departure from normality on the computat ion of 
genetic gains from later stages will require consideration 
when applying the breeding equations. 

Appendix 

Equations 14 and 15 are presented assuming P is con- 
stant over time. In situations where P is known a priori 
to vary with time, or where truncation selection across 
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r t 

distr ibutions of individuals is appl ied (see Ducrocq and 
Quaas  1988), a simple extension to these equations can be 
used. Define p , t  as: 

P*t=p, xPt_ l x , . . ,  xP1 ,  (AI)  

where Pt is the P matr ix at t ime t. The extension to Eq. 14 
is: 

f ( p , t _  Q~) Sl t < z 
( P ' t -  Qt) s 1 +(P*t-z+l-Qt-~+l)s2f t>_z 
( p , t _  Qt) s 1 + ( p , t -  z + 1 _ Q t -  z + 1) s2y 

+ ( p , t - y +  1 __Qt-y+l) S2m t>_y 

( p , t _ Q t )  sl  + . . . . .  + ( p , t - 2 . +  ~ _ Qt -~ .+  1) s,,f 

+ ( p . t - y , + 1  __Qt-y,+l) Snm t>__y,. 

(A2) 

The extension to Eq. 15 requires P, E m, and E f to be 
indexed in time: 

r2tm=Emtsmm + Eftsmf t=y 
2 m _ _ n  2m +EmtQt-YSm~+EftQt-YSm, t>y (A3) r t - - t ' t r t -  1 

Equat ions  A 2  and A3 can be substi tuted for Eqs. 14 and 
15 and used in Eqs. 17 and 18. 
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